The Smith-Purcell effect is observed when an electron beam passes in the vicinity of a periodic structure. We propose a method to shape the spatial and spectral far-field radiation using complex periodic and aperiodic gratings. OCIS codes: (240.6675) Surface photoemission and photoelectron spectroscopy; (350.4238) Nanophotonics and photonic crystals
Since its original discovery in 1953 [1] , Smith-Purcell radiation (SPR) has been extensively studied, mainly due to its potential to generate light at hard-to-reach electromagnetic frequencies, such as extreme ultraviolet and X-ray ranges [2] . Recently, the study of SPR was extended beyond the simple periodic structure, into aperiodic arrays [3] , disordered plasmonic arrays [4] , and Babinet metasurfaces for manipulating the SPR polarization [5] . Here, we present a general method to shape both the spectral and spatial far-field distribution of SPR using aperiodic and complex periodic structures [6] .
We consider the general setup shown in Figure 1 (a): an electron is flying at speed above a metallic grating located in the plane. We denote as the angle between the electron propagation direction and the horizontal in the plane . We modify Van den Berg's formulation [7] of the field emitted from an infinite metallic periodic grating to take into account aperiodic and complex periodic structures. Considering a complex periodic structure as the one shown in Figure 1 (c), for which the M-th unit cell is shifted by a -phase shift (Figure 1(d) ), our theory results in a modified Smith-Purcell relation, similar to the original [1] for (where is the wavelength of the emitted photon, is the local period between two ridges and is the supercell period):
(Eq. 1) We experimentally demonstrate this concept for complex periodic gratings in a FEI-Tecnai 200-keV electron microscope (Figure 1(a) ), with 400nm and M=16, 32 and 64 ( Figure 1 (f-h)): as can be inferred from the Fourier coefficients of the grating phase function (Figure 1(e) ), the zero-th order (corresponding to the original SPR wavelength) cancels out and the original peak splits into two peaks . As M increases, the gap between the two split peaks narrows until they merge for M=64, as the electron beam interaction length becomes comparable with d, thus broadening the peak width (see inset of Figure 1(a) ).
Our formalism is readily applicable to aperiodic structures: here, we present a general technique to design a Smith-Purcell lens, focusing the spontaneous emission of a free electron at a distance above a chirped structure. The electron locally "sees" a periodicity which imposes its angular distribution according to the conventional Smith-Purcell relation [1] (Figure 2(a) ): thus, by carefully engineering the structure, we can design Smith-Purcell lenses with large NA. Figure 2(b) shows the far-field distribution of a Smith-Purcell lens with NA = 0.75 at nm, showing a focusing performance 17.5% above diffraction limit. This design also results in a significant enhancement of the intensity at a given location, compared to the regular periodic design, as can be seen in Figure 2 (c).
We note that this cylindrical-lens-like device has a strong axial chromatic dispersion, and the expected lateral chromatic dispersion of ordinary SPR. The high chromaticity of this device would be of interest for applications where a small bandwidth is required (deep UV lithography, mask inspection, and biological applications) and spectrometry. The highly dispersive nature of a Smith-Purcell lens shown in Fig. 2(d) would make the experimental demonstration of its close-to-diffraction-limited behavior challenging, at least with conventional broadband imaging systems (for instance, CCD cameras). This limitation could be circumvented by designing chirped metasurfaces made of resonators with a very high spectral quality factor or plasmon-locked SPR as has been recently proposed [8] .
We believe this work demonstrates how Smith-Purcell radiation can be shaped to a desired spectral or angular farfield response. This might be useful for spectral ranges where lenses are hard to achieve, such as the UV or x-ray ranges. Its resolution is limited only by the interaction length of the electrons with the modified grating. Full-wave simulation of the far-field radiation as a function of the distance from the chirped grating. The length of the surface is D=40μm (giving NA=0.75), the acceleration voltage is 20-keV and the focused wavelength =600nm. (c) Comparison of chirped-grating far-field radiation in the focal plane, with a grating of constant period =163nm (same as the average period of the chirped grating, the intensity being multiplied by 10 to appear on the same scale). (d) Far-field radiation of multiple wavelengths in the focal plane with NA = 0.4 (top), NA = 0.75 (bottom).
